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Risk theory and risk management in actuarial science
Winter term 2017/18

5th work sheet

Construct two random vectors (X1, X5)” and (Y7,Ys)? with different joint distributions Fix, xs)
Fiy, v3), respectively, such that

(a) the variables X1, Xs,Y7,Y5 are standard normally distributed, i.e. X7, X9, Y7, Yo ~ N(0, 1),
(b) the two X-variables and the two Y-variables are uncorrelated, respectively, i.e. pr (X1, X2) =0,
pr(Y1,Y2) =0, and

(c) the a-quantiles of the corresponding sums are different, i.e. F'y |y, (a) # Fy, vy, (a) holds for
some « € (0, 1), where Fx, tx,, Fy;+v, are the distributions of X7+ X5 and Y;+Y53, respectively.

Conclude that in general it is not possible to draw conclusions about the loss of a portfolio if the
loss distributions of the single assets in portfolio and their mutual linear correlation coefficients are
known.

Hint: Choose (X1, X2) to be bivariate standard normally distributed, i.e. (X1, X2) ~ N2(0, I2),
where 0 denotes the zero vector in IR? and I denotes the identity matrix in R%*2. Choose Y;j to
be standard normally distributed, Y7 ~ N(0,1), and set Y3 := VY7, where V is a discrete random
variable independent on Y7 with values 1 and —1 taken with probability 1/2 each.

(Co-monotonicity and anti-monotonicity)

(a) Let Z be a random variable with continuous cumulative distribution function F, Z ~ F. Let
f1, f2 be to monotone increasing functions on IR and let f3 be a monotone decreasing function
on R. Let X; = f;(Z), for i = 1,2,3. Show that the Fréchet upper bound M is the copula of
(X1, X2) and the Fréchet lower bound W is the copula of (X7, X3).

(b) Let W be the copula of the random vector (X7, X3) with continuous marginal distributions F}
and F, respectively. Show that X, 2 T'(X;) with T = F5~ o (1 — Fy).

(c) Let M be the copula of the random vector (X7, X3) with continuous marginal distributions Fj
and Fy, respectively. Show that Xo = T'(X;) with T = F5~ o F}.

Prove the following equalities for the rank correlations of a random vector (X1, X»)” with continuous
marginal distributions and unique copula C:

pT(Xl,XQ) = 4]01 fol C(ul,u2)dC(u1,u2) — 1,
ps(Xl,XQ) =12 fol fol(C(ul,UQ) — U1UQ)dU1dUQ =12 fol fol C(ul,u2)du1du2 - 3.
Consider the coefficients of the tail dependence of a random vector (X1, X2)? with continuous

marginal distributions and unique copula C. Show that the following equalities hold, provided

that the corresponding limits exits:
Ar(X1, Xo) = limy, ;- 222400 anq A (X, Xa) = lim,_qr S04

The Gumbel family C@Gu and the Clayton family C’ec1 are two one-parametric families of copulas
given as

0
CgGu(ul,uQ) = exp (— [(—lnul)e + (—lnug)ﬂl/ ) , 0 >1, and

OS5 ur,uz) = (ur® +uz® — 1), 6> 0.

(a) Compute Kendall’s tau p, as well as the coefficients A\yy, Az, of the upper and lower tail depen-
dence for the copulas CGGU, C’GC L, respectively.



(b) The independence copula II is given by II(uy,us2) := ujus, for (u1,us2) € [0,1]2. Show that C§™*
tends to the independence copula IT if 8 tends to 1 and to the upper Fréchet bound M if 6 tends
to infinity. In this case we say that the lower limit of the Gumbel copula is the independence
copula II and its upper limit is the Fréchet upper bound M. Analogously show that the lower
limit of the Clayton copula is the independence copula II for § — 0% and its upper limit is
the Fréchet upper bound M for § — +o00. Now considerer an extension of the Clayton copula
C§' for § € [-1,0), defined as an Archimedian copula with generator ¢g(t) = 5(t=% — 1) for
t € (0,1] and ¢¢(0) = 4+00. Show that for # = —1 the Clayton copula C! coincides with the
Fréchet lower bound W.



