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monotone iff all higher order derivatives of g exist and the following

inequalities hold for k € IN,: (—1)* (:Tkkg(s))’ >0, Vt € (0, 00).
s=t

Theorem: (Kimberling 1974)

Let ¢: [0,1] — [0, 00] be a continuous, strictly monotone decreasing
function with ¢(0) = oo and ¢(1) = 0. The function C: [0,1]¢ — [0,1],
C(u) := ¢ H(u1) + d(u2) + ... + ¢d(uq)) is a copula for d > 2 iff p~1 is
completely monotone on [0, 00).

Lemma: A function 1): [0,00) — [0, 00) is completely monotone with
1(0) = 1 iff ¢ is the Laplace-Stieltjes transform of some distribution
function G on [0,00), i.e. ¥(s) = [, e~dG(x), s > 0.
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G(O) =0. Let ) be the Laplace-Stieltjes transform of G, i.e.
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Fu, i x=x(u) = exp(—xy~*(u)) for u € [0,1].
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Theorem: Let G be a distribution function on [0, o) such that
G(O) =0. Let ) be the Laplace-Stieltjes transform of G, i.e.

fo e dG(x) ¢ for s > 0. Let X be a r.v. with distribution
functlon G and let U1, Us, ..., Uy be conditionally independent r.v. for
X = x, x € R, with conditional distribution function

Fu, i x=x(u) = exp(—xy~*(u)) for u € [0,1].
Then

Prob(Uy < u1, Uy < uz, ..., Ug < ug) = () + H(u)+. . A9~ (ug))

and the distribution function of U = (U, Ua, ..., Uy) is an Archimedian
copula with generator 1.

Advantages and disadvantages of Archimedian copulas:
» can model a broader class of dependencies
» have a closed form representation
> depend on a small number of parameters in general

» the generator function needs to fulfill quite restrictive technical
assumptions
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Observe: Consider a symmetric positive definite matrix R € IR?*? and
its Cholesky factorization AAT = R with A € R¥*9. If
Zy,2,,...,Zq4 ~ N(0,1) are independent, then p+ AZ ~ Ngy(u, R).

Algorithm: for the generation of a random vector U = (Ui, Us, ..., Uq)
whose distribution function is the copula Cga, R positive definite.

» Compute the Cholesly factorization of R: R = AAT.

» Simulate d independent standard normally distributed r.v.
Z1,Z5,...,Zq4 ~ N(0,1)

> Set X .= AZ

> Set Uy := ¢(Xk) for k =1,2,...,d, where ¢ is the standard normal
distribution function.

» Output U = (Ui, Ua, ..., Uyg); U has distribution function C§2.



Simulation of t-copulas



Simulation of t-copulas

Algorithm: for the generation of a random vector U = (Us, U, ..., Uy)
whose distribution function is the copula CJ ¢, R positive definite, v € IN.

» Compute the Cholesly factorization of R: R = AAT.



Simulation of t-copulas

Algorithm: for the generation of a random vector U = (Us, U, ..., Uy)
whose distribution function is the copula Cf ¢, R positive definite, v € IN.

» Compute the Cholesly factorization of R: R = AAT.

» Simulate d independent standard normally distributed r.v.
Zy,2,,...,2q4 ~ N(0,1)



Simulation of t-copulas
Algorithm: for the generation of a random vector U = (Us, U, ..., Uy)

whose distribution function is the copula Cf ¢, R positive definite, v € IN.
» Compute the Cholesly factorization of R: R = AAT.

» Simulate d independent standard normally distributed r.v.
Zy,2,,...,2q4 ~ N(0,1)

» Simulate a r.v. S ~ X2 independent from von Zy,..., Z,.



Simulation of t-copulas

Algorithm: for the generation of a random vector U = (Us, U, ..., Uy)
whose distribution function is the copula CJ ¢, R positive definite, v € IN.

v

Compute the Cholesly factorization of R: R = AAT.

v

Simulate d independent standard normally distributed r.v.
Zy,2,,...,2q4 ~ N(0,1)

v

Simulate a r.v. S ~ X2 independent from von Zy, ..., Z,.

Set Y :=AZ

v



Simulation of t-copulas

Algorithm: for the generation of a random vector U = (Us, U, ..., Uy)
whose distribution function is the copula CJ ¢, R positive definite, v € IN.

v

Compute the Cholesly factorization of R: R = AAT.

v

Simulate d independent standard normally distributed r.v.
Zy,2,,...,2q4 ~ N(0,1)

» Simulate a r.v. S ~ X2 independent from von Zy,..., Z,.
> Set Y :=AZ
> Set X = %Y



Simulation of t-copulas

Algorithm: for the generation of a random vector U = (Us, U, ..., Uy)
whose distribution function is the copula CJ ¢, R positive definite, v € IN.

» Compute the Cholesly factorization of R: R = AAT.

» Simulate d independent standard normally distributed r.v.
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function of a standard t-distribution with v degrees of freedom.



Simulation of t-copulas

Algorithm: for the generation of a random vector U = (Us, U, ..., Uy)
whose distribution function is the copula CJ ¢, R positive definite, v € IN.

>

>

Compute the Cholesly factorization of R: R = AAT.

Simulate d independent standard normally distributed r.v.
Zy,2,,...,2q4 ~ N(0,1)

Simulate a r.v. S ~ X2 independent from von Zy, ..., Z,.
Set Y :=AZ

VL
Set X := %Y

Set Uy = t,(Xx) for k =1,2,...,d, where t, is the distribution
function of a standard t-distribution with v degrees of freedom.

Output U= (Ul, Uy, ..., Ud); U= (Ul, Uy, ..., Ud) has
distribution function CJ .
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A generic algorithm to generate a random vector U = (U, Us, . .., Uy)
with a given Archimedian copula as distribution function

Input: The dimension d € IN, the Archimedian Copula

C(u) = ¢ Yp(u1) + p(u2) + ... + ¢(ug)) specified in terms of its
generator .

» Simulate a variable X with distribution function G, such that the
Laplace-Stieltjes transform v of G is the inverse function of the
generator ¢ of the input copula, ¥ = ¢ 1.

> Simulate d i.i.d. r.v. V4,Vs,. .., Vy uniformly distributed on [0, 1].

> Set U= (¢(—In(V1)/X),¢(=In(V2)/X),....¥(=In(Va)/X)).
The distribution function of U is C.

Output: U

The generator o(t) = (t=% — 1)/6, 6 > 0 yields the Clayton copula C{'.

Alternatively also 3(t) = t=% — 1 is a generator of the Clayton copula.

For X ~ Gamma(1/6,1) with d.f. fx(x) = x*/9=1e=*/I'(1/6) we have:
,sX fo 7sxr 11 % Xl/Gflefde _ (S 4 1)71/9 SD 1(5)
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A generic algorithm to generate a random vector U = (Uy, Uy, . ..

with the Clayton C{' copula as distribution function.
Input: The dimension d € IN, the parameter 6 > 0.

> Simulate X ~ Gamma(1/6,1).
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Input: The dimension d € IN, the parameter 6 > 0.
> Simulate X ~ Gamma(1/6,1).
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Simulation of the Clayton copula (¢ > 0)

A generic algorithm to generate a random vector U = (U, Uz, ..., Uy)
with the Clayton C{' copula as distribution function.

Input: The dimension d € IN, the parameter 6 > 0.

> Simulate X ~ Gamma(1/6,1).
> Simulate d i.i.d. r.v. V4,Vs,. .., Vg uniformly distributed on [0, 1].

» The distribution function of
U= (¢(=In(V1)/X), (= In(V2)/X), ..., ¥(=In(Va)/ X))
is the Clayton copula Cf'.

Output: U
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Simulation of the Gumbel copula (0 > 1)

Let X be a positive stable r.v., X ~ S5t(1/6,1,+,0) with
v = (cos(n/(20)))? >0 (and =3, B =1, 6 =0)



Simulation of the Gumbel copula (0 > 1)
Let X be a positive stable r.v., X ~ S5t(1/6,1,+,0) with
v = (cos(n/(20)))? >0 (and =3, B =1, 6 =0)

The Laplace-Stieltjes transform of Fx ist the generator
o(t) = exp(—t/?) of the Gumbel copula CS.



Simulation of the Gumbel copula (0 > 1)

Let X be a positive stable r.v., X ~ S5t(1/6,1,+,0) with

v = (cos(n/(20)))? >0 (and =3, B =1, 6 =0)

The Laplace-Stieltjes transform of Fx ist the generator

o(t) = exp(—t/?) of the Gumbel copula CS.

The simulation of Z ~ ST (a, 8,1,0) is not straightforward (see Nolan
2002).



Simulation of the Gumbel copula (0 > 1)

Let X be a positive stable r.v., X ~ S5t(1/6,1,+,0) with

v = (cos(n/(20)))? >0 (and =3, B =1, 6 =0)

The Laplace-Stieltjes transform of Fx ist the generator

o(t) = exp(—t/?) of the Gumbel copula CS.

The simulation of Z ~ ST (a, 8,1,0) is not straightforward (see Nolan
2002).

For a # 1 we get: X =3 +~Z ~ St(a, 8,7, 9).



Simulation of the Gumbel copula (0 > 1)

Let X be a positive stable r.v., X ~ S5t(1/6,1,+,0) with

v = (cos(n/(20)))? >0 (and =3, B =1, 6 =0)

The Laplace-Stieltjes transform of Fx ist the generator

o(t) = exp(—t/?) of the Gumbel copula CS.

The simulation of Z ~ ST (a, 8,1,0) is not straightforward (see Nolan
2002).

For a £ 1 we get: X =6 +~vZ ~ St(a, 8,7, 9).

The case a = 1 is more complicated.



Simulation of the Gumbel copula (0 > 1)

Let X be a positive stable r.v., X ~ S5t(1/6,1,+,0) with
v = (cos(n/(20)))? >0 (and =3, B =1, 6 =0)

The Laplace-Stieltjes transform of Fx ist the generator
o(t) = exp(—t/?) of the Gumbel copula CS.

The simulation of Z ~ ST (a, 8,1,0) is not straightforward (see Nolan
2002).

For a £ 1 we get: X =6 +~vZ ~ St(a, 8,7, 9).
The case a = 1 is more complicated.

Alternative approach:
Let # > 1 and F(x) = 1 — F(x) = exp(—x/?) for x > 0.



Simulation of the Gumbel copula (0 > 1)

Let X be a positive stable r.v., X ~ S5t(1/6,1,+,0) with

v = (cos(n/(20)))? >0 (and =3, B =1, 6 =0)

The Laplace-Stieltjes transform of Fx ist the generator

o(t) = exp(—t/?) of the Gumbel copula CS.

The simulation of Z ~ ST (a, 8,1,0) is not straightforward (see Nolan
2002).

For a £ 1 we get: X =6 +~vZ ~ St(a, 8,7, 9).

The case a = 1 is more complicated.

Alternative approach:

Let # > 1 and F(x) = 1 — F(x) = exp(—x'/?) for x > 0. Let

V ~ U(0,1) and let S be a r.v. independent from V with density
function h(s) = (1 —1/0 4 s/6) exp(—s).



Simulation of the Gumbel copula (0 > 1)

Let X be a positive stable r.v., X ~ S5t(1/6,1,+,0) with

v = (cos(n/(20)))? >0 (and =3, B =1, 6 =0)

The Laplace-Stieltjes transform of Fx ist the generator

o(t) = exp(—t/?) of the Gumbel copula CS.

The simulation of Z ~ ST (a, 8,1,0) is not straightforward (see Nolan
2002).

For a £ 1 we get: X =6 +~vZ ~ St(a, 8,7, 9).

The case a = 1 is more complicated.

Alternative approach:

Let # > 1 and F(x) = 1 — F(x) = exp(—x'/?) for x > 0. Let

V ~ U(0,1) and let S be a r.v. independent from V with density
function h(s) = (1 —1/0 4 s/6) exp(—s).

Set (Z1,2,)T = (VS, (1 — V)S?).



Simulation of the Gumbel copula (0 > 1)

Let X be a positive stable r.v., X ~ S5t(1/6,1,+,0) with

v = (cos(n/(20)))? >0 (and =3, B =1, 6 =0)

The Laplace-Stieltjes transform of Fx ist the generator

o(t) = exp(—t/?) of the Gumbel copula CS.

The simulation of Z ~ ST (a, 8,1,0) is not straightforward (see Nolan
2002).

For a £ 1 we get: X =6 +~vZ ~ St(a, 8,7, 9).

The case a = 1 is more complicated.

Alternative approach:

Let # > 1 and F(x) = 1 — F(x) = exp(—x'/?) for x > 0. Let

V ~ U(0,1) and let S be a r.v. independent from V with density
function h(s) = (1 —1/0 4 s/6) exp(—s).

Set (Z1,2)7 := (VSY, (1 — Vv)SY).

The distribution function of (F(Z;), F(Z))" is CS“. Convince yourself!



Simulation of the Gumbel copula (¢ > 1) (contd.)



Simulation of the Gumbel copula (¢ > 1) (contd.)

Algorithm to generate a random vector U = (Uy, Ua, . .., Uy) with the
Gumbel copula CS" as distribution function.



Simulation of the Gumbel copula (¢ > 1) (contd.)

Algorithm to generate a random vector U = (Uy, Ua, . .., Uy) with the
Gumbel copula CS" as distribution function.
Input: The dimension d € IN, the parameter 6 > 1.



Simulation of the Gumbel copula (¢ > 1) (contd.)

Algorithm to generate a random vector U = (Uy, Ua, . .., Uy) with the
Gumbel copula CS" as distribution function.
Input: The dimension d € IN, the parameter 6 > 1.

> Simulate two i.i.d. r.v. Vi, Vo ~ U(0,1).



Simulation of the Gumbel copula (¢ > 1) (contd.)

Algorithm to generate a random vector U = (Uy, Ua, . .., Uy) with the
Gumbel copula CS" as distribution function.
Input: The dimension d € IN, the parameter 6 > 1.

>

>

Simulate two i.i.d. r.v. Vi, Vo ~ U(0,1).

Simulate two independent r.v. Wy, Ws with Wy ~ (1, 1),
Wr ~T(2,1)

Set § .= /V2§1/0 Wy + /V2>1/9 Ws.
Set (21, 25) = (V1S?, (1 — V4)S?).

-
The distribution function of U = <exp(—le/9),exp(—221/9)> is

Gu
cse.



Simulation of the Gumbel copula (¢ > 1) (contd.)

Algorithm to generate a random vector U = (Uy, Ua, . .., Uy) with the
Gumbel copula CS" as distribution function.
Input: The dimension d € IN, the parameter 6 > 1.

>

>

Simulate two i.i.d. r.v. Vi, Vo ~ U(0,1).

Simulate two independent r.v. Wy, Ws with Wy ~ (1, 1),
Wr ~T(2,1)

Set § .= /V2§1/0 Wy + /V2>1/9 Ws.
Set (21, 25) = (V1S?, (1 — V4)S?).

-
The distribution function of U = <exp(—le/9),exp(—221/9)> is

Gu
cse.

Output: U



