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Lemma: A function ψ : [0,∞) → [0,∞) is completely monotone with
ψ(0) = 1 iff ψ is the Laplace-Stieltjes transform of some distribution
function G on [0,∞), i.e. ψ(s) =

∫∞
0 e−sxdG(x), s ≥ 0.
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Laplace-Stieltjes transform ψ of G is the inverse function of the
generator ϕ of the input copula, ψ = ϕ−1.

◮ Simulate d i.i.d. r.v. V1,V2,. . ., Vd uniformly distributed on [0, 1].

◮ Set U = (ψ(− ln(V1)/X ), ψ(− ln(V2)/X ), . . . , ψ(− ln(Vd )/X )).
The distribution function of U is C .

Output: U

The generator ϕ(t) = (t−θ − 1)/θ, θ > 0 yields the Clayton copula CCl

θ .
Alternatively also ϕ̃(t) = t−θ − 1 is a generator of the Clayton copula.
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with a given Archimedian copula as distribution function

Input: The dimension d ∈ IN, the Archimedian Copula
C (u) = ϕ−1(ϕ(u1) + ϕ(u2) + . . .+ ϕ(ud )) specified in terms of its
generator ϕ.

◮ Simulate a variable X with distribution function G , such that the
Laplace-Stieltjes transform ψ of G is the inverse function of the
generator ϕ of the input copula, ψ = ϕ−1.

◮ Simulate d i.i.d. r.v. V1,V2,. . ., Vd uniformly distributed on [0, 1].

◮ Set U = (ψ(− ln(V1)/X ), ψ(− ln(V2)/X ), . . . , ψ(− ln(Vd )/X )).
The distribution function of U is C .

Output: U

The generator ϕ(t) = (t−θ − 1)/θ, θ > 0 yields the Clayton copula CCl

θ .
Alternatively also ϕ̃(t) = t−θ − 1 is a generator of the Clayton copula.

For X ∼ Gamma(1/θ, 1) with d.f. fX (x) = x1/θ−1e−x/Γ(1/θ) we have:
E (e−sX ) =

∫∞
0 e−sx 1

Γ(1/θ)x
1/θ−1e−xdx = (s + 1)−1/θ = ϕ̃−1(s).
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A generic algorithm to generate a random vector U = (U1,U2, . . . ,Ud)
with the Clayton CCl

θ copula as distribution function.

Input: The dimension d ∈ IN, the parameter θ > 0.

◮ Simulate X ∼ Gamma(1/θ, 1).

◮ Simulate d i.i.d. r.v. V1,V2,. . ., Vd uniformly distributed on [0, 1].

◮ The distribution function of

U = (ψ(− ln(V1)/X ), ψ(− ln(V2)/X ), . . . , ψ(− ln(Vd )/X ))

is the Clayton copula CCl
θ .
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Let X be a positive stable r.v., X ∼ St(1/θ, 1, γ, 0) with
γ = (cos(π/(2θ)))θ > 0 (and α = 1

θ , β = 1, δ = 0)
The Laplace-Stieltjes transform of FX ist the generator
ϕ(t) = exp(−t1/θ) of the Gumbel copula CGu

θ .

The simulation of Z ∼ ST (α, β, 1, 0) is not straightforward (see Nolan
2002).

For α 6= 1 we get: X = δ + γZ ∼ St(α, β, γ, δ).

The case α = 1 is more complicated.

Alternative approach:
Let θ ≥ 1 and F̄ (x) = 1− F (x) = exp(−x1/θ) for x ≥ 0. Let
V ∼ U(0, 1) and let S be a r.v. independent from V with density
function h(s) = (1− 1/θ + s/θ) exp(−s).

Set (Z1,Z2)
T := (VSθ, (1− V )Sθ).

The distribution function of (F̄ (Z1), F̄ (Z2))
T is CGu

θ . Convince yourself!
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Simulation of the Gumbel copula (θ ≥ 1) (contd.)
Algorithm to generate a random vector U = (U1,U2, . . . ,Ud) with the
Gumbel copula CGu

θ as distribution function.
Input: The dimension d ∈ IN, the parameter θ ≥ 1.

◮ Simulate two i.i.d. r.v. V1,V2 ∼ U(0, 1).

◮ Simulate two independent r.v. W1, W2 with W1 ∼ Γ(1, 1),
W2 ∼ Γ(2, 1)

◮ Set S := IV2≤1/θW1 + IV2>1/θW2.

◮ Set (Z1,Z2) := (V1S
θ, (1 − V1)S

θ).

◮ The distribution function of U =

(

exp(−Z
1/θ
1 ), exp(−Z

1/θ
2 )

)T

is

CGu

θ .
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Algorithm to generate a random vector U = (U1,U2, . . . ,Ud) with the
Gumbel copula CGu

θ as distribution function.
Input: The dimension d ∈ IN, the parameter θ ≥ 1.

◮ Simulate two i.i.d. r.v. V1,V2 ∼ U(0, 1).

◮ Simulate two independent r.v. W1, W2 with W1 ∼ Γ(1, 1),
W2 ∼ Γ(2, 1)

◮ Set S := IV2≤1/θW1 + IV2>1/θW2.

◮ Set (Z1,Z2) := (V1S
θ, (1 − V1)S

θ).

◮ The distribution function of U =

(

exp(−Z
1/θ
1 ), exp(−Z

1/θ
2 )

)T

is

CGu

θ .

Output: U


