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28. Construct two random vectors (X1, X2)
T and (Y1, Y2)

T with different joint distributions F(X1,X2),
F(Y1,Y2), respectively, such that

(a) the variables X1, X2, Y1, Y2 are standard normally distributed, i.e. X1, X2, Y1, Y2 ∼ N(0, 1),

(b) the two X-variables and the two Y -variables are uncorrelated, respectively, i.e. ρL(X1, X2) = 0,
ρL(Y1, Y2) = 0, and

(c) the α-quantiles of the corresponding sums are different, i.e. F←X1+X2
(α) 6= F←Y1+Y2

(α) holds for
some α ∈ (0, 1), where FX1+X2 , FY1+Y2 are the distributions of X1+X2 and Y1+Y2, respectively.

Conclude that in general it is not possible to draw conclusions about the loss of a portfolio if only
the loss distributions of the single assets in portfolio and their mutual linear correlation coefficients
are known.

Hint: Choose (X1, X2) to be bivariate standard normally distributed, i.e. (X1, X2) ∼ N2(0, I2),
where 0 denotes the zero vector in IR2 and I2 denotes the identity matrix in IR2×2. Choose Y1 to
be standard normally distributed, Y1 ∼ N(0, 1), and set Y2 := V Y1, where V is a discrete random
variable independent on Y1 with values 1 and −1 taken with probability 1/2 each.

29. (Co-monotonicity and anti-monotonicity)

(a) Let Z be a random variable with continuous cumulative distribution function F , Z ∼ F . Let
f1, f2 be to strictly monotone increasing functions on IR and let f3 be a strictly monotone
decreasing function on IR. Let Xi = fi(Z), for i = 1, 2, 3. Show that the Fréchet upper bound
M is a copula of (X1, X2) and the Fréchet lower bound W is a copula of (X1, X3).

(b) Let W be the (unique) copula of the random vector (X1, X2) with continuous marginal distri-
butions F1 and F2, respectively. Show that X2

a.s.
= T (X1) with T = F←2 ◦ (1− F1).

(c) Let M be the (unique) copula of the random vector (X1, X2) with continuous marginal distri-
butions F1 and F2, respectively. Show that X2

a.s.
= T (X1) with T = F←2 ◦ F1.

30. (a) Prove the formula of Höffding

cov(X1, X2) =

∫ ∞
−∞

∫ ∞
−∞

(F (x1, x2)− F1(x1)F2(x2))dx1dx2 ,

for any random vector (X1, X2)
T with c.d.f. F and marginal d.f. F1, F2 for which cov(X1, X2) <

∞ holds.

Hint: Show first the identity 2cov(X1, X2) = E((X1 − X̄1)(X2 − X̄2)), where (X̄1, X̄2) is an
i.i.d. copy of (X1, X2). Then use the identity a − b =

∫+∞
−∞ (II{b≤x} − II{a≤x})dx and apply the

latter to the pairs X1 − X̄1 and X2 − X̄2.

(b) Prove the following equality for the rank correlation Spearman’s rho of a random vector
(X1, X2)

T with continuous marginal distributions and unique copula C:

ρS(X1, X2) = 12
∫ 1
0

∫ 1
0 (C(u1, u2)− u1u2)du1du2 = 12

∫ 1
0

∫ 1
0 C(u1, u2)du1du2 − 3.

Hint: Use the equivalent definition ρS(X1, X2) = ρL(F1(X1), F2(X2)) and apply the formula of
Höffding.


