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28. Archimedian Copulas

(a) Show that for every # € IR the function ¢}"(t) = —In (i_e;:f ) generates an Archmedian
copula, the so-called Frank copula C{":[0,1]*> — [0,1]. Check that the following equality holds
Vuy,ug € [0,1]:

(exp(—fuy) — 1)(exp(—Ougz) — 1)
exp(—6) —1

1
cff(ul,uQ):—aln(H 0eER.

(b) Show that for every # > 0 and for every 6 > 1 the function qﬁgg(t) =079(t=% — 1) generates an

Archmedian copula, the so-called generalized Clayton copula CG%C: [0,1]2 — [0,1]. Check that
the following equality holds Yuq,us € [0, 1]:

CF (ur,u) = {[(ur? = 1)° + (uy? = 1))V + 1370 0 > 0,0 > 1.

(¢) Compute Kendall’s tau p, as well as the coefficients A7, A1, of the upper and lower tail depen-
dency for the copulay CGGU, 9/ %3 CGF " and ng, respectively, and summarize the results in a
table. (The coefficients which have been computed in the lecture do not need to be recomputed).

(d) Show that CGGU tends to the independence copula II if 8 tends to 1 and to the upper Fréchet
bound M if 0 tends to infinity. In this case we say that the lower limit of the Gumbel copula
is the independence copula II and its upper limit is the Fréchet upper bound M. Analogously
show that the lower limit of the Clayton copula is the Fréchet lower bound W and its upper
limit is the Fréchet upper bound M. Finally show that the Frank copula has the same lower
and upper limits as the Clayton copula, respectively.

29. (a) Let (X1, X2)T be a t-distributed random vektor with v degrees of freedom, expected value (0, 0)
and linear correlation coefficient matrix p: (X1, X2)T ~ t2(0,v, R) where R is 2 x 2 matrix with
1 on the diagonal and p outside the diagonal. Show that the following equality holds for p > —1:

_ vVi—p
A (X1, Xo) = Ap(X1, Xo) = 26,01 (Vo + 1
u(X1, X2) L(X1, X3) +1< v+ T+ p

Hint: Use the fact (no need to prove it!) that the X, conditioned upon X; = z has a ¢-
distribution as follows

v+1 1/2X2—px
Ntu—i—l-

X X = ~Y
X =2 <V—i—ﬂc2 e
Moreoever use the stochatic representation of the ¢-distribution of (Xi,z2) as u + VWAZ,
where Z is bivariate standard normally distributed and W is such that %W ~}chiZ while being
independent on Z, cf. lecture.

(b) Apply (a) to conclude that for a random vector with continuous marginal distributions (X1, X5)7
and a t-copula Cﬁ, r with v degrees of freedom and a correlation matrix R as in (a) the following
equalities holds:

VItp

30. A bank has a loan portfolio of 100 loans. Let X}, be the default indicator for loan k such that X =1
in case of default and 0 otherwise, for k € {1,...,100}.

_ V1-—
)\U(Xl,XQ) = )\L(X17X2) =2t,41 <\/I/ +1 p) .



(a)
(b)

Supoose that X} are independent and identically distributed with P(X; = 1) = 0.01. Compute
the expected value E(N) of the number N of defaults and P(N = k) for k € {0,1,...,100}.

Consider the risk factor Z which reflects the state of the economy. Suppose that conditional on
Z the default indicators are independent and identically distributed with P(X} = 1|Z) = Z,
where P(Z = 0.01) = 0.9 and P(Z = 0.11) = 0.1. Compute the expected value E(N) where N
is defined as in (a).

Consider the risk factor Z which reflects the state of the economy. Suppose that conditional on
Z the default indicators are independent and identically distributed with P(X; = 1|Z) = Z°,
where Z is uniformly distributed on (0,1). Compute the expected value E(N) where N is
defined as in (a).



